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Abstract 

We give a simple proof of Borg type uniqueness Theorems for periodic Jacobi operators 
with matrix valued coefficients. 

1 Introduction 

Consider a self-adjoint matrix-valued Jacobi operator J acting on and given by 

{Jy)n = anVn+i + KVn + ctn-iZ/n-i, G Z, G C"", y = {yn)n& & ^^(Z)", m ^ 1, (1.1) 

where a„ > 0, 6„ = 6* , n G Z are p-periodic sequences of the complex m x m matrices. 
It is well known that the spectrum a (J) of J is absolutely continuous and consists of non- 
degenerated intervals [X^-i, ^n]y ^n-i < -^n ^ ■^n;'^ = 1,...,A^ < oo. These intervals are 
separated by the gaps 7„ = (A~, A^),n = 1,..,A^ — 1 with the length > 0. Introduce the 
fundamental m x m matrix-valued solutions ip = {y:>n{z))nez,^ = {i^n(yZ))n£Z of the equation 

anVn+i + buVn + a*_i?/„_i = zyn, Lpo = 'di = 0, Lpi = 'do = Im, (z, n) e C X Z, (1.2) 

where Im is the identity m x m matrix. We define the monodromy 2m x 2m matrix by 

^pW = f V ^eC. (1.3) 

Let ri(z), ..,T2m{z) be eigenvalues of ^p{z). Recall that cr(J) = |J^™;^{2 G C : |Tj(z)| = 1}, 
see |KKu| . Let J° be the unperturbed Jacobi matrix with a° = Im, = 0. Note, that 
(j(jO) = aac{J°) = [-2,2]. Let N, = {1, ..,s} and let c = detHLi^rx- We formulate first 
Borg type uniqueness theorem 
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Theorem 1.1. Let c = 1 and let a{J) = [Ao,A^] = {each \Tj{z)\ = 1, {z,j) G [Aq , A^y] x 
N2m}, where Ag = —Xj^. Then J = J°. 

This theorem was proved in |CGR| . We give a simple proof based on the trace formula 
and the properties of the Chebyshev polynomials proved in Lemma [2T3l There is an enormous 
literature on inverse spectral problems for scalar (i.e., m = 1) periodic Jacobi matrices (see 
[BGGK], [K]. |KKul| . |KKu2) . fM\ . [T], book [T] and references therein), but very little for 
matrix- valued periodic Jacobi operators (see |CGR| and references therein). Note that the 
complete solution of inverse problem for finite matrix- valued Jacobi operators was obtained 
recently |BCK| . 

The operator J is unitarely equivalent to the operator ^ = /[g 27r) -^p(^*^)|f acting in 
/[o 27r) "^If ' ■where Jif = and pm x mp matrix Kp{T) is given by 



[hi ai ... r \ 
ai 1)2 (12 ■■■ 
02 63 ... 



r G §^ = {r : |r| = 1}, (1.4) 



y Tap ... ap_i hp J 
see [KKu]. Let (A„(r))^^^ be eigenvalues of Kp{T). We formulate our main result. 

Theorem 1.2. Let a„ > 0, 6„ = 6* be real m x m matrices for all n eIj. 

1) Letc=l. Then Y^n^i ^n(^) = 2pm for some TeSUffJ=J^. 

a) Let c = 1 and let Xi G M. Then eigenvalues \s{e^^^) = 2 cos ^^+'^'"('^^'^^ Jqj^ q// g £ f^^^ j^jj 
J=J^. 

Hi) Let xi,X2 G M and cosxi 7^ cosx2. Let eigenvalues As(e*'*^) = 2 cos qH 
s G Nn,p and A„(e^^2) = 2 cos ^^+27^1 ^ ^ ^ ^^^^ ^ if e^^""^ = I, then 

additional eigenvalues A„+m(e*'*^) = Ai(e*'^^) 7^ ±2, n G Nm- It is possible iff J = J°. 

Remark. 1) Note that the condition cos ^2+27rni ±_\ iii) is associated with the un- 
perturbed operator J°, where the endpoints of the spectrum cr(J°) = [—2,2] have the mul- 
tiplicity m, as the zeros of the determinant Dp{z,±.\). Each point from (—2,2) has the 
multiplicity 2m as the zero of the determinant Dp{z, t),t ^ ±1. 

2) Consider the case m = 2 and xi = 0, X2 = tt. Let periodic eigenvalues As(l) = 
2 ia±HZL(£i:l) for all s G N2p and let anti-periodic eigenvalues As(— 1) = 2 cos ^ 
±2, s G N4 for some n G Np. Then we deduce that J = J°. 

3) Consider a self-adjoint matrix- valued Jacobi operator J acting on £^(Z)'^ and given by 

(J?/)„ = a„?/n+i + 6„?/„ + a*_i?/„_i, neZ, ?/„ G C™, ?/ = (?/„)„ez e £^(Z)™, m ^ 1, 

where an (deta„ 7^ 0), hn = h^, n E Z are p-periodic sequences of the complex m x m 
matrices. Then the operator J = U JU* where J is given by 01.21) and U = diag^g^ Un and 
the unitary matrices have the forms Uq = Im', Mn+i = n ^ 0; = Cn^iMn+i, 

n ^ 0. Here a„ = c„a„, a„ > and the unitary matrices. 
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2 Proof 

We need the following results from |KKu| . 

Lemma 2.1. The following identities and estimate are fulfilled: 



mp 



mp 



J2XnAr) = J2^rb^, ^A2_,(r) = 5^Tr(62+2a^), all rGC\{0}, (2.1) 



n=l 



n=l 



n=l 



n=l 



pm 



Y,>^l,p{r)>2pmc 



2_ 

pm 



(2.2) 



n=l 



where the identity (12. 2p /ioWs ^rwe iff J = cp"^ J", and /lere c = det Yli ^n- 

Recall the following identities for Dp{z, r) = det{^p{z) — r/2m) from |KKu| 

2m mp 

Dp{z,T) = 1[{t,{z) - r) = d-rrHiz - A„(r)) = c(-r)- det(^ - ir,(r)), (2.3) 

j=l n=l 

where z,t E C, r 7^ 0. 

Proof of Theorem 11.11 Consider the first case Yln=i Tr&n = 0. Consider the p-periodic 
operator J as pA;-periodic operator for some (A;, r) G N x S^. Let the eigenvalues of Kp^ij) 
be given by 

A_(r) = \pk{r) ^ A2,pfe(r) < .. ^ A+(r) = \pmKpk{r). (2.4) 

The eigenvalues A±(r) belong to ct(J), then we have that [A_(r), A+(r)] C o"(J). Using 
\Tj{z)\ = 1 for all {z,j) e [A_(r), A+(r)] x f^2m, and (lOll . we obtain 



2m 



2m 



^ 11(1^1 + 2-, all ze[\.{r),\Ar)]. 



l^pfc(^,^)| 

We have det Y[^=i '^n = = 1, since a sequence a„ is p-periodic. Then (12. 3p gives 



2, r 



pmfc 

]^(2 - A„,pfc(r)) 



n=l 



^ 2"", all z E [A_(r),A+(r)]. 



(2.5) 



A sequence 6„ is p-periodic, then 



pmk pk p 

K,pkir) = Tr 6„ = Tr &^ = 0. 

n=l n=l n=l 

The relations (E^D, (IZS]), (ES]) and Lemma O give that 

pmk 



(2.6) 



(A„,p,)™£^ e P™pfc(2"), J2 ^lA^) ^ 2pmA;Cfc, = 2^. (2.7) 



n=l 



Then using (I2.ip and a„ = a„+p, = hn+p for all n G Z, we obtain 

pmfe pk p pm 

n=l n=l n=l n=l 

which yields Yln=i -^n,p ^ 2pm, since we take k — ^ +00. Thus Lemma EH] implies J = J°. 

Consider the second case /? = Yln=i Tr &n- Then a new operator = {J — (3) satisfies 
Yl^n=i Tr(&n — Plm) = 0. Thus due to the first case we deduce that 

a{J) = a{J^) = [-2, 2] = [-x - /5, x - /?], a„ = J^, 6„ - /3J„ = fe^^, = 

for X = \~, which yields x = 2, /3 = and the theorem has been proved. ■ 

Lemma 2.2. i) Let X be an eigenvalue of Kp^r) and have multiplicity m for some t G 
S"^ \ { — 1, 1}. Then the multiplaers have the form Tj{X) = r, rj_|_m(A) = r""*^ for all j G N^- 
a) Let X be an eigenvalue of Kp^r) and have multiplicity 2m for some t G { — 1, 1}. Then 
each Tj{X) = t, j E N2m- 

Proof, i) The matrix Kpij) is self-adjoint. Let Kp{T)f^ = Xf^ for some orthogonal eigen- 
vectors f^ = {flD^^i, k G Nm- If /o = fpj then the definition of the matrix ^p gives 
■^pWifo^ fiV = '^Uo^fiY- Note that = {f^^fiY define other components of vector 
Z'^, since L(r) has special form, see (11.41) . Then the vectors f^, k G Nm are linearly indepen- 
dent vectors, since f^ are linearly independent vectors. Then r has multiplicity at least m. 
The matrix ^p is symplectic, then is eigenvalue of and has multiplicity at least 
m. We obtain first statement, since ^p is 2m x 2m matrix. The proof of ii) is similar. ■ 
Proof of Theorem II. 2L The statement i) follows from Lemma 12. 1[ 

ii) Sufficiency. Recall that if m = 1, then det(M°-r/2) = t{t + t-^ -2^p{z/2)), where 
^p{z) = cos(parccos2;) is the Chebyshev polynomial. Moreover, zeros of the polynomial 
^p{z) — cos xi are given by As(e*^^) = 2 cos iSdzMfnii^ ^ pj^^ 

Thus if J = J°,m ^ 2, then corresponding monodromy operators Mp satisfies det(Mp — 
rl^rn) = r'" n51i(^ + ^"^ - 2^p{z/2)), which yields at r = e^^^ 

detiMp - e'^i J2™) = T = e''""^2™(cos xi - ^p{z/2))"' = e''^'''2"', (2.8) 

This implies A,(e*'^0 = 2 cos ^fi+Mf^^ s G N^p. 

Necessity. Let Xs{e^^^) = 2 cos ^ g ^ Nmp. Then the direct calculation implies 

Yl^=i An (6*^0 = 2pm, and the statement i) gives J = J^. 

iii) The sufficiency is proved similar to the case ii). 

Necessity. We consider only the case e^*^^ 7^ 1, the proof of the case e^*^^ 7^ 1 is similar. 
Let A,(e^^O = 2 cos ^^^^t^^^, s G Kap- Using (Q, we obtain 

2m mp 

J](e^-i -r,(^)) = c(-l)"^e*'"-i - A„(e^"^)) = c{-2re'^-^{3r^{z/2)-cosK,r, (2.9) 

j=l n=l 
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where c = detn^^^a„. The eigenvalue Ai(e*'*^) has the multiplicity m, then using Lemma 
12.21 and substituting z = Ai(e*^2) = 2 cos "•^^+^''"1 and two multipliers e^*^^ (given by Lemma 
[22D into (ESD, we obtain 



(e*"i - e*^)™(e*"i - e"*"^)™ = c2'"e™"i(cos X2 - cosxi) 
which yields c = 1. Then the statement ii) gives J = J°. ■ 
Lemma 2.3. For any r ^ 0, s ^ 2 t/ie following identity holds true 



S 2 
sup J2^n = '^S (t;)^ 



n=l 



n=l 



^ r, a// 2; G [xi, Xs] > C 



Proof. In the proof we use arguments from |Kuj . Let ||x|p = Xl^n^^ = (^n)i ^ The 
set Vs{r) is compact, then sup^gp^(^) ||x||^ = ||x°p for some x° = (x°)J G Vs{r). Introduce a 
polynomial Po{z) = Y[n=ii^ ~ -^n)- Let Xq = —00, x°_|_]^ = +00. The polynomial Pq has only 
real zeros x„,n G N^-i. We will show that each |po(5;n)| = r,n E Assume that there 

exist 1 ^ rii < n2 ^ s such that 

<-i < < ^ < < max |po(2;)| < r. (2.10) 

Introduce a polynomial P£{z) = Y[n=i{^ ~ ^n)i where a vector x*^ = (x^)^^^ G M'^ is given by 
< = ^^ ^ ni, n ^ ns; x^^ = x°^ - e, x^^ = x"^ + e, e > 0. (2.11) 
Using x° G Ps(r) and (12.101) . we obtain 

s s 

xl^..^xl, J2< = J2^n = 0, max b,(z)Kr, (2.12) 



for sufficiently small e > 0. We rewrite p^ in the form 

Due to x°^ ^ x°2 and e > we deduce that \ge{z)\ ^ 1, ^ G M \ [<,,<J. Then fl2T3D 
yields |pe(;i;)| ^ bo(-2)|, -2 G M \ [x'^ni^^n^l ^^d thus (12.120 gives |pe(-2)| ^ r, z G [xf,x^], and 
x^ G Vs{r) for all sufficiently small e > 0. There is an estimate 



s 



n=l n=l 
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since ^ x^^ and e > 0. But (12.14^ and the condition x"^ G Vs{r) contradict the identiy 
sup2.gp^(^) \\x\\^ = Then the assumption ( 12.10p is not true and each |po(5^n)| = r,n & 

Ns-i- Note that only polynomials r3^s{<yz + a G M \ {0}, /5 G M, (here ^ are the 
Chebyshev polynomials, i.e. ,%{cosz) = cos sz) have this property, then j9o(2;) = r£^s{az+P) 
for some a G R \ {0}, /3 G M. We take such that polz) = Yl'^^iiz - ELi = 
and then po{z) = r^(zr~s2~), since (see [AS]) 

1 

3r,{z) = - y-^{-l)>^^—C'^-\2zy-^'' = 2'-^' - 2'-hz'-^ + o{z'-^) asz^oo, 

A S rC 

k=0 

where C" = — sj- Then using Viette formulas we get 

m m!(n— m)! o o 

5;(^) = 2^-1 l[iz - Zn) = r~' (z' - ^z'-' + ^ - V) z'-^ + o{z'-^)\ asz-^oo, 

n=l ^ ^ 

where 2;ri, n G are zeroes of ^ and ^ = J2i ^n, V = Yli ^n- Then we get ^ = and ^7 = f • 
This gives 

S 2 
2 nil2 - 2s-2 ^— ~v 2 2 2s-2 

sup ||a;|| = Ip II =rs2 « \ = rs2 = r/ = 2s I - j ■ 
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